
y = coefficient, dimensionless 
6 
pd 

pf 
x 

= specific loading, lb. solids/lb. fluid 
= dispersed density of solids, Ib./cu.ft. [as given by 

= density of fluid media, lb./cu.ft. 
= surface shape factor of solid particles, dimension- 

Equation ( 2 )  ] 

less 
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The Use of Residual Analysis for Building Mechanistic Models 

WILLIAM J. HILL 
Allied Chemical Corporation, Buffalo, New York 

RElJl MEZAKI 
Yale University, New Haven, Connecticut 

The use of residuals of a diagnostic parameter for kinetic 
modeling was developed and demonstrated in two previous 
papers (1, 2 ) .  In the second paper ( 2 )  the importance of 
the selection of an initial model was emphasized for the 
successful use of the proposed technique. The aims of this 
communication are threefold. First, by means of mathemat- 
ical statistics, we wish to prove the existence of definite 
correlation between the residuals associated with an inade- 

uate model and the concentration level of an improperly 
lescribed component. Second, we wish to illustrate that 
an appropriate choice of an experimental design can sim- 
plify the analysis. Third, we will illustrate a situation 
where a residual analysis may be misleading when not in- 
terpreted properly. 

RESIDUALS AND CONCENTRATION LEVELS 

In the earlier papers, Hougen-Watson reaction models 
were postulated for the complete catalytic oxidation of 
methane and the following model was found to be appro- 
priate: gaseous methane and adsorbed oxygen react and 
produce both adsorbed carbon dioxide and adsorbed 
water. In the true case, the value of the diagnostic param- 
eter C1 can be given by 

C1 = b o  + bz XZ + b3 ~3 + bq ~4 + 6 (1) 

Suppose instead we consider, as an initial trial model, a 
model for which the value of the calculated diagnostic 
parameter is 

Note that this model implies that gaseous methane reacts 
with adsorbed oxygen, producing nonadsorbed carbon di- 
oxide and adsorbed water. 

Now Equation (1) may be simplified to the matrix form 

c l = X l ~ l + x 3 ~ 3 + ~  (3) 
where 

x1 = t1, XZ, x41 
x3 = [%I 
- el = bo Id 
- 63 = [b31 

C1 is the n x 1 vector of the diagnostic parameters ( n  is 
the number of observations), XI is an n x 3 matrix, and 
X3 is an n x I vector. and 8 3  are 3 x 1 and 1 x 1 
vectors, respectively. 

Similarly, Equation (2)  in vector form is 
A A 
c1 = x1 i l  

where 
(4) 
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A h  
The expected value of C1, E(Cl), is obtained from 

( 5 )  
A A A 

E(C1) = E(Xij1)  = XI ECfi) 

Introducing the following relationship to Equation ( 5 )  for 
the least squares estimate of 91 

($1 A 
g1= (Xl’ X1)-l X1’ :1 

we obtain 

E(Ci)  = Xi (XI’ Xi) -  XI’ E(Ci)  
A 

= xi (xi 
= XI 8, + x1 (Xl’ Xl) -I xl’-x, e 3  

xi E ( X ~  el + x3 !,) 
(7) 

Thus the expected values of the residuals for C1 using the 
model given in Equation (2)  are 

E ( C 1 - G )  = Xi 81 + X3 & - X i  81 
A 

- Xl(X1’ XI) -1 X1’ x3 83 
(8) 

A 
E(CI - Ci)  = S X3 83 

where 
S _  = I - X1 ( X i  XJ-l X1’ and1 is the n x n identity matrix. 

If the experi,ments are designed such that X1 is orthog- 
onal to X3, then X{ X3 = 0. (See reference 1 for an ex- 
ample of such a design.) Therefore 

(9) 
A 

E(C1- Ci) = x3 83 
This reIationship between the residuals and component X3 
is clearly appreciated. That is, the residuals associated with 
the trial model are correlated with the concentration x3, 

that of carbon dioxide. Notice that the choice of experi- 
mental design can simplify the analysis, making the rela- 
tionship between the residuals and a certain variable more 
apparent. 

On the other hand, if we select 
A A 2.1 = 6, + b2 x2 + b3 x3 

as trial prediction model, we can derive the following re- 
lationship: 

(11) 

Equation (12) indicates that the residuals associated with 
this model are correlated with the concentration x4, that 
of water. 

When the trial model is actually the true model we can 
expect 

A 
E(C1- Cl) = x 4  !4 

A 
E(C1- C1) = 0 (12) 

This implies that the residuals should be random and 
should show no systematic correlation with the concentra- 
tion of any component. This is the most desirable situation. 

Hougen-Watson types of rate equations frequently can 
be Iinearized and then can be arranged into the linear 
forms as shown in Equation (1) .  In cases where an effi- 
cient experimental design such as an orthogonal design is 
employed, the association between the residuals of an in- 
adequate model and the concentration of a certain com- 
ponent is often obvious and hence corrections can be made 
in the model to eliminate this inadequacy. 

MISLEADING RESULTS 

A study like that described above can lead to misleading 
interpretations if certain things are not understood. For 
example, the converse of Equation (12) is not necessarily 

true. That is, if we find that the expected values of residu- 
als associated with a particular model are zero, this does 
not imply that the model is the best representation of the 
true equation. In fact, models that have more parameters 
than necessary for the true case will satisfy Equation (12). 
To illustrate this suppose a calculated trial model is taken 
to be 

A A A 
c1= x1 81 + x2 82 (13) 

c1=x1 &I+€- (14) 

when the true model is actually 

Note that the true model does not include the extra terms 

X2 &. It can be shown” that 
A 

(15) 

(18) 

A 
E(C1) = Xl 11 

and hence 
A 

E(C1-Cl)  = X I  ! 1 - X 1 & = 0  

Even though we find that the expected values of the re- 
siduals for a particular model are zero this does not imply 
that the model is the true model. In the example above we 
actually used more terms (X2 f2) in the trial model than 
was necessary to represent the true system. Physically this 
could mean that we are accounting for a certain compo- 
nent in the wrong manner. Actually in most cases & would 
be estimated to be zero or nearly zero if Equation (13) 
were fitted. One method to prevent the excessive addition 
of parameters is to start with the simplest model first. This 
was discussed in the previous paper ( 2 ) .  

NOTATION 

bi 
bc 
C1 = diagnostic parameter 

21 
C1 

& 
I 

n = number of observations 
21, 22, x3, 4 = initial partial pressures of methane, oxy- 

xi = n x 1 vector of the nvalues of component i 
Xi = matrix associated with the components 
E = experimental error 
- e = n x I error vector 
@i = vector associated with the coefficients of compo- 

@ = estimated value of vector ei 
1 = n x 1 vector of 1’s 
0 = n x 1 vector of 0’s 

= coefficients of Equation (1) 

= estimated coefficients of bc 

= predicted value of the diagnostic parameter 
= n x 1 vector of the values of the diagnostic pa- 

= n x 1 vector of the predicted value of the di- 

= n x n identity matrix with 1’s down the diagonal 

A 

rameter 

agnostic parameter 

and 0’s elsewhere 

gen, carbon dioxide, and water, respectively 

nents 
A 
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